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61-FUNCTION 
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Abstract. We will use a discrete analogue of the classical Laplace method 
to show that for infinitely many positive integers n, the main term of the 
asymptotic expansion of the scaled ^-exponential (— q)oo could be 
expressed in 6-function. 



1. Introduction 

Given an arbitrary positive real number < q < 1 and an arbitrary complex 
number a, we define|fil llf)| 

oo 

(1.1) (a; g)oo = 

fc=0 

and the g-shifted factorial as 

for any integer n. Assume that \z\ < 1, the g-Binomial theorem isffilllflj 
(1.3) iaz;qU ^yMk^,^ 

This could be seen easily from the fact that 

4^ {az]q)oo ^ 1 - azq'' 

defines an analytic function in the region \z\ < 1. Hence it could be expanded as a 
power series 

(1.5) ^ = E«^^'= 



for |z| < 1 with 

(1.6) ao = 1. 

Observe that 

(1.7) 



{az;q)ao l-az{azq\q)^ 



{z;q)oo l-z {zq;q)c 



Date: June 6, 2006. 

1991 Mathematics Subject Classification. Primary 33D45. Secondary 33E05. 
Key words and phrases. Asymptotics, 9-function, g-binomial theorem, g-exponential, discrete 
Laplace method. 



2 



RUIMING ZHANG 



thus we have 

oo oo 

(1.8) (l-z)^afez'= = (l-az)^afcg'=z'= 



fc=0 fc=0 



or 



(1.9) - '?')^' = E "'^-1(1 - ag'"')^'^- 

fe=0 k=l 

Then 

1 - ag*^^! 

(1.10) flfc = — 1— flfe-i 

1 - 

and 

(1.11 flfe = 7 — ^ 

for /c = 1,2, ... . For any complex number z, let a be a large real number with 
\z\. We replace z in il.lM by ^ , 

(n- n\ I, 

k=0 



(1-12) -1—1 ^ — = / —, ^ z 

[z/a]q)oo Wiqjk 



Since 



(a;<?)s^ _ / -|xfe fe(fe-i)/2 



(1.13) lim = (-1)^9 

then 

by the Lebesgue dominated convergent theorem. Similarly from ljl.3|l 

1 00 ^ ^ 

(1-15) ^=y"7 ^f-) ' 

(z/a;g)oo f-^ (9;g)/c 



fe=0 

then 

(1.16) lim^i^i% = limV^f^)' 

a->oo (z/a;(j)oo (9;'7)a; 

= (^;;9)oo 

by the Lebesgue dominated theorem. Thus we have proved that for any complex 
number z 

°° fe(fe-l)/2 

(1.17) (z;g)oo^^ 
Notice that 

(1.18) ((1 - q)z; qU = E ^i^g'=('=-^)/^(-.)^ 
Since 



(1.19) i— ^ > kq''-^ 
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for fc > 1, thus 

(-[ _ „^fe fc(fc-i)/2 1 
(1.20) ^ ^-f^ < - 

for fc > 1, hence by the Lebesgue dominated theorem we have 



(1.21) lim((l-g)z;g)oo 



k=0 



k\ 



and this is the reason why (z;q)oo is called a g-exponential. Indeed, it is one of 
several g-analogues of in the theory of g-series. From ljl.1811 and ljl.20ll . it is also 
clear that 

(1.22) |((l-g)z;g)oo| <el^l 

for any complex number z. For any nonzero complex number z, we define the theta 
function as 

oo 

(1.23) e{z-q)= q'^'l^zK 

k— — oo 

The Jacobi's triple product formula says thatfSlfTUI 

oo 

(1.24) 9'^/'^' = (9, -9^/'^, -9^/7^; 9)00. 
fc— — 00 

For any positive real number t, we consider the following set 

(1.25) §(i) {{ni} : 71 G N} . 

It is clear that S{t) C [0, 1) and it is a finite set when i is a positive rational number. 
In this case, for any A G S(i), there are infinitely many positive integers n and m 
such that 

(1.26) nt^m + X, 
where 

(1.27) m = [nt\ . 

If < is a positive irrational number, then S{t) is a subset of (0, 1) with infinite 
elements, and it is well-known that §(i) is uniformly distributed in (0, 1). A theorem 
of Chebyshev0 says that given any /3 G [0, 1), there are infinitely many positive 
integers n and m such that 

(1.28) nt = m + l3 + -fn 
with 

(1.29) \ln\ < 

n 

It is clear that for n large enough, we may also have 

(1.30) m = lnt\ . 
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2. Main Results 

From H1.17II . clearly we have 

Theorem. Given an arbitrary positive real number < q < 1 and an arbitrary 
nonzero complex number u, we have 

(1) For any positive rational number t, let X G there are infinitely many 

positive integers n and m such that 

(2.2) tn^m + X, 

and for these n 's and m 's we have 

with 

I / M ^ H-q;q)ooO{\uf^ q^;q) 
\nn)\ < J— 

f „™V8 1 

(2.4) X <^ + — 1 



|u|L"i/2J+i I ■ 

/or n, m anii A satisfying \2.^) with n and m are large enough. 
(2) Given a positive irrational number t, for any real number (3 G [0, 1), there 
are infinitely many positive integers n and m such that 

(2.5) = TO + /3 + 7„ 
with 

(2.6) \ln\ < -. 

n 

For such n 's and m 's we have 

for n is large enough. 

Proof. In the case that t is a positive rational number, for any A G S{t) and n, m 
are large, we have 

oc 

(2.8) {~q-"'+'/\q)ooiq;qU = Y.^'i'^' ^^^l'^ 

k=0 
= Si + S2 



where 

m 

(2.9) S^=Y,{q'+'-qUq' 



and 



fe=0 



(2.10) S2= il'^'-^lUq"' 



k—m-\-l 
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In si we change the summation from k to m — k, we have 

m 

CO 

fe=[m/2J+l 
Lm/2J 

+ 9'='/'(^-V)M(9""'^'; 9)00-1) 

m 

I / m-k+1 \ k^jli -1 X\k 

fe=Lm/2J+l 
00 

= Xl^'''^^^""^^^)'' +•"'12 +513- 

fc=0 



Clearly, 



fc=[m/2J+l 
r) m^/8 

By (jLlll, for < fc < [to/2J , we have 

(2.11) |(r-'=+^;g)oo - i| = t^gW2^ 

then 



00 



kl2| < L^,™/2^g'=V2(|„pl,A)^ 

fe=0 

g"/^(-g;g)oog(|^r^g^g) 

hence 

„ „m^/2+mA °o 

(2.12) = E '/'^ /'("-^9^)'= + r.in) 



k=0 



with 

(2.13) |ri(n)| < 



2{-q;q)^0{\ur'q^;q) 



1-g 

m^/8 



|y|Lm/2J+l 
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In S2 we change the summation from k to k + m 



S2q 



-X\k 



oo 
oo 



k=l 

k— — oo 

By the binomial theorem, for A: > 1 



(2.14) 
then 

(2.15) |r2(n)| < 
Thus we have proved that 

(2.16) (-g-"*+l/2u;g) 
with 

(2.17) |r(7i)| < 



q^^+^{-q^;q)^e{\u\-'q^;q) 
l-q 

{e{u-'^q^-,q) + r{n)} 

°" (g;g)oog"'/2+"^ 

3i^q;q)^e{\u\-'q^;q) 



X < q 



l-q 

m/2 , q 



|u|L™/2J+i I ■ 

for n, m and A satisfying Ij2.2ll with n and m are large enough. 

In the case that i is a positive irrational number, for any real number f3 S [0, 1), 
when n and m are large enough satisfying H2.5|l and H2.6II . we have 

(2.18) /3 + 7«>-l, 

for these integers n, we take 

logn 



(2.19) 
then we have 

(2.20) (-g-"*+i/2u;q)oo(g;g)c 



logg 



J2(i'^''i)ooq' 

k=Q 

Si + S2, 



with 
(2.21) 



/2 — k7n — k(3 — k'^n yj^ 



k^O 
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and 

oo 

(2.22) «2= XI (g''+^«)oog'''/^"'""^'"^"''''"M''. 

fc— m+l 

In si, we change summation from k to m — k, 

oo 
k=0 



k=0 



m 

OO 

fc=0 

thus there exists some constant cii{q,u) such that 

oo 

< cii(g,u) 

n 

for n large enough, and there exists some constant Ci2(g, u) such that 

|Sl2+Sl3| < ci2[q,u) , 

n 

for n large enough. Thus for n, m and satisfying 112.511 and (I2.6|l and n is large 
enough, there exists some constant ci(q, u) such that 

(2.23) '-^^ = X g'=^/2(u-i/)^- + ei(n) 

fc=0 

with 

(2.24) |ei(n)| <ci((7,?/)^. 

n 

Similarly, in S2 we change summation from k to k + m, and we could show that 
there for n, m and (3 satisfying 112., 511 and Il2.fi|l and n is large enough, there exists 
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some constant C2{q,u) such that 

(2.25) '-^^^ = J2 <l''^Hu~V)' + e,H 

k— — oo 

with 

(2.26) \e2in)\<C2iq,u)^^. 



Thus we have 



for n, m and satisfying 112. 5|l and 112. 6|l and n is large enough. □ 

Conclusion. The phenomenon demonstrated here is universal for class of entire basic 
hypergeometric functions, the general proof for this phenomenon will be published 
elsewhere. In a separated work, we have proved the same phenomenon happens 
with the Ramanujan's entire function Aq{z), or the g-Airy function. 
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